Let L/K be a Galois extension of number fields and let A be an abelian variety defined over K. In this paper we establish the relation between the irreducible characters of the Galois group Gal(L/K) and the simple factors of the restriction of scalars Res L/K (A) of A from L to K. Then we derive some equivalences of Birch and Swinnerton-Dyer conjectures.
Introduction
In this paper our first aim is to establish the connection between the factors of the restriction of scalars and the representations of Galois group. Let A be an abelian variety defined over a number field K. Let End K (A) denote the ring of K-rational endomorphisms of A and let End 0 K (A) := End K (A) ⊗ Z Q be its associated Q-algebra. Assume that the endomorphism algebra End 0 K (A) is a field, denoted by F . Suppose that L is a finite Galois extension of K with Galois group G such that End 0 L (A) = End 0 K (A). We need above restrictions to use the representations of finite groups over fields. To find some examples satisfying these restrictions, see [11] . Proof. It is obvious from Lemma 3.2.
The B i are K-simple abelian varieties which are pairwise non-K-isogenous. Note that the existence of this isogeny is obvious by Poincaré's complete reducibility theorem (cf. [4, p. 310] ).
In Section 5 we derive some equivalences of the Birch and Swinnerton-Dyer conjectures. 
Theorem B (Theorem 5.3). Let
( ( 1 )Res L/L H 1 (A), L H 1 ) is equivalent to the conjecture BSD ( ( 2 )Res L/L H 2 (A), L H 2 ).
Restriction of scalars
We define the restriction of scalars as Weil did in [9, p. 5] . Let L/K be a separable algebraic extension of degree d. Let V , W be varieties defined over L, K, respectively. Let : W → V be a map defined over L. Let = { 1 , . . . , d } be the set of all distinct isomorphisms of L into K. We can then define : W → V , and also
this being the mapping w → ( (w)) ∈ . If the latter map gives an isomorphism, we call W (actually the pair {W, }) the variety obtained from V by the restriction of scalars from L to K and write {W, } = Res L/K (V ), or, by abuse of language, Proof. See [9, p. 6] .
Note that from the above universal mapping property, a restriction of scalars of A from L to K is uniquely determined up to K-isomorphism.
Let A be an abelian variety defined over a number field K and let L be a finite Galois extension of K with Galois group G. Denote by End L (A) [G] the twisted group ring with multiplication defined by
where p ∈ End L (A).
Lemma 2.2.
The map is a ring homomorphism.
• by the universal mapping property. Therefore, the map is a ring homomorphism.
We can naturally extend the map to a map from End
, which again will be denoted by . Then the map : 
From now on we will identity End 0
Even for a different abelian variety B and for a subgroup H ⊂ G we will use the same notation for the isomorphism End 0
Theorem 2.4. For a subgroup H of G, we have the isogeny
where
Proof. See [10, Theorem 2].
Representation
By Poincaré's complete reducibility theorem (cf. [4, p. 310]), the restriction of scalars
where the B i are K-simple abelian varieties which are not K-isogenous to each other. Then from the isogeny ( * ), there is a ring isomorphism
where T means transpose of matrices and define * i ( ) = tr( * i ( )) to be its character. Note that 
Proof. Let F ⊃ F be a splitting field for G. There is an irreducible character i of G over F and an intermediate field
where s F ( i ) is the Schur index of i over F (see [1, Theorem 24 .14]). It is easy to check
From the definition of idempotent, 2 i = i , we have
For an idempotent ∈ End 0 K (A), A denotes any representative of the isogeny class containing the abelian subvarieties (n )A ⊂ A, where n ∈ N is chosen such that
. But by abusing the
Lemma 3.2. We have following isogeny relations
( * i )Res L/K (A) ∼ K B n i i and ( * i )Res L/K (A) i (1) ∼ K B i . Furthermore, Res L/K (A) ∼ K i B n i i .
Proof. By using [4, Theorem 1], we have an isogeny
, where ij is the Kronecker delta. In a similar way, we have a 
Cohomology and isogeny
In this section we will establish a natural bijection between H 1 (G, GL m (F )) and Isog L/K (A m ), the set of abelian varieties defined over K which are L-isogenous to A m , modulo K-isogeny. Proof. For the equivalence of (1) and (2), see [4, Theorem A] . We will show the equivalence of (2) 
Proof. Note that there is a positive integer
N such that N ( ) ∈ M m (End K (A)) for all ∈ G. Let A = A for ∈ G. Let T 1 : A m → ∈G (A ) m such that T 1 (a) = (. . . , N ( )a -th , . . .). Let u = (. . . , , . . .) −1 : A → Res L/K (A) and let T 2 = N ( ) • . Then m • T 2 • u m • T 1 = N 2 |G| : A m → A m . Furthermore, ( m ) • T 2 • u m • T 1 = N 2 |G| ( ). Then T 2 • u m • T 1 • m • T 2 = N 2 |G|T 2 because ( m ) • T 2 • u m • T 1 • m • T 2 = N 2 |G|( m ) • T 2 .) = 1 N f • g. Because 1 N f • g ∈ M m (F ), it is obvious that ( ) = ( ) ( ). So : G → M m (F ) is a representation of G over F of degree m.
Lemma 4.3. Let {Res L/K (B), B } be the restriction of scalars of B from L to K. Then
Proof. The first isogeny is obvious from Theorem 2.
The existence and the uniqueness of these maps come from Theorem 2.1.
Then because
because f and g are isogenies. (1) . (1) . From Theorem 2.4 we get an isogeny
Note that H 1 (G, GL m (F )) is the set of representations of G over F of degree m, modulo equivalence of representations. Define Isog L/K (A m ) to be the set of abelian varieties defined over K which are L-isogenous to
A m , modulo K-isogeny, that is, Isog L/K (A m ) = {abelian variety B defined over K|B ∼ L A m }/ ∼ K .
Theorem 4.4. There is a natural bijection
H 1 (G, GL m (F )) → Isog L/K (A m )
defined as follows: Let be a representation of G over F of degree m. Then
[ ] → ( )Res L/K (A) m .
Proof. From Lemmas 4.1 and 4.2, for
[ ] ∈ H 1 (G, GL m (F )), [ ( )Res L/K (A) m ] ∈ Isog L/K (A3, ( 1 )Res L/K (A) m ∼ K B 1 ∼ K B ∼ K B 2 ∼ K ( 2 )Res L/K (A(G, GL m (F )) such that ( )Res L/K (A) m ∼ K B.
Lemma 4.5. Let H be a subgroup of G. Assume that is a representation of H over F. Denote its character by . Then we have the isogeny
Res L H /K ( ( )Res L/L H (A) (1) ) ∼ K ( )Res L/K (A)
Proof. Let B = ( )Res L/L H (A)
where {Res L/K (B), B } is the restriction of scalars of B. From Lemma 4.2, the abelian variety B is L-isogenous to A (1) . As it is described above Lemma 4.3, there is a representation B of H over F of degree (1) . By using the same argument in the proof of Lemma 4.3, it is easy to prove (1) . (1) .
Now Theorem 4.4 implies that two representations and B are equivalent as group representations of H over F . So there exists a matrix
M ∈ M m (F ) such that B ( ) = M −1 ( )M. Then we have ( B )Res L/K (A) (1) ∼ K ( M −1 ( ) M)Res L/K (A) (1) ∼ K ( )Res L/K (A)
Birch and Swinnerton-Dyer conjecture
For a subgroup H of G, let M H be the category of finitely generated (right) F [H ]-modules and let A H be the category of abelian varieties over L H up to isogeny whose objects are abelian varieties but the group of morphisms from A 1 to A 2 is defined as Hom L H (A 1 , A 2 ) ⊗ Z Q. Then M H and A H are abelian categories. Note that for
]). Then for an irreducible character of H over F , from Lemma 3.2 it is obvious that T H ( ( )F [H ]) = ( )Res L/L H (A).
There is a variant of construction of T H in [6, Section 3]. 
As we see in Section 3, for a positive integer n, the representation 1 n ⊗ is afforded by the irreducible
Let L(A/K, s) be the L-function which is associated to the abelian variety A on K. For the definition of L(A/K, s), see [5] . In this section we assume that any L-function has analytic continuation around s = 1.
Conjecture (Birch and Swinnerton-Dyer). Suppose that the Shafarevich-Tate group
I(A/K) is finite. Write the Taylor expansion of L(A/K, s) at s = 1: L(A/K, s) = c(A/K)(s − 1) r(A/K) + O((s − 1) r(A/K)+1 ).
Then the order of vanishing r(A/K) = rank z (A(K)) and the leading coefficient
For the symbols and details, see [5, 8] . Denote by BSD(A, K) the conjecture of Birch and Swinnerton-Dyer for the abelian variety A on K.
We will relax the conjecture of Birch and Swinnerton-Dyer: The leading coefficient
this relaxed conjecture for the abelian variety A on K. It is obvious that for any positive integer n, the conjectures BSD (A, K) and BSD (A n , K) are equivalent. 
Lemma 5.2. Let H be a subgroup of G. Assume that is an irreducible representation of H and let be its character. Then we have
. As we see in the proof of Lemma 5.2,
For an irreducible character of G, we know that
Corollary 5.4. We assume the notations in the previous theorem and proof. Assume
Proof. From the previous theorem and proof, it is obvious. 
